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Introduction
In 2-dimensional knot theory, surface-links are often studied by surface braids (cf. [8] ). Any surface-link F can be deformed into a closed surface braid, which is a generalization of Alexander's theorem for braids and links [6, 8, 13] . The braid index of a surface-link F , which is denoted by Braid(F ), is defined by Braid(F ) := min m F is isotopic to a closed surface braid of degree m .
In [5] , it is proved that if Braid(F ) 3, then F is a ribbon surface-link. In [9] , it is proved that the following inequality holds for nontrivial surface-links F and F :
where F F is a connected sum of F and F . Let T r k be an r-twist spun (2, k)-torus link for any integers k and r. Put Braid(F ) s + 1 where F is not a trivial 2-link with s-component (cf. [12] ). Since the numbers of 3-colorings of F 3k (l) and G 3k (l) are 3 l+1 and 3 l+2 , respectively, we see that Braid(F 3k (l)) l + 2 and Braid(G 3k (l)) l + 3, and hence Braid(F 3k (l)) = l + 2. K. Tanaka also gave the problem for Braid (G 3 (l) ) and the following is its generalization. This paper consists of seven sections: In Section 2, we review surface-links, charts and their relations. In Section 3, we review 3-colorings for charts and define a map κ related to 3-colorings. In Section 4, we review quandle cocycle invariants in terms of charts, give a key proposition (Proposition 4.2) and prove Theorem 1.2. In Section 5, we introduce R 3 -trivial 1-handle surgeries and R 3 -minimal. In Section 6, we prove Proposition 4.2.
Preliminaries
In this section, we review surface-links, surface braids and charts.
A In this paper, we assume that any closed surface braid is simple. Two closed surface braids S and S with same degree are equivalent if they are ambient isotopic by a fiber-preserving
S. Kamada introduced charts, which represent closed surface braids. An m-chart Γ is a (possibly empty) finite graph in an oriented 2-sphere U 0 , which may have hoops (that are closed edges without vertices), satisfying the following conditions:
(i) Every vertex has degree one, four or six.
(ii) Every edge is directed and labeled by an integer in {1, 2, . . . ,m − 1}.
(iii) For each vertex of degree six, three consecutive edges are directed inward and the other three are directed outward; these six edges are labeled by i and i + 1 alternately for some i.
(iv) For each vertex of degree four, two consecutive edges are directed inward and the other two are directed outward; these four edges are labeled by i and j alternately with |i − j| > 1.
An example of a 4-chart is given in Fig. 1 , which represents a 2-twist spun trefoil. A vertex of degree one, four or six is called a black vertex, a crossing or a white vertex, respectively. An edge attached to a white vertex is called a middle edge if it is the middle of the three consecutive edges which are oriented in the same direction; otherwise a non-middle edge. A free edge is an edge in a chart whose endpoints are black vertices. A bw-edge is an edge which is incident to a white vertex and a black vertex. A ww-edge is an edge which is incident to two white vertices. See Fig. 2 . For a white vertex W such that the labels of edges incident to W are i and i + 1, W is positive (or negative) if the label of the middle of the three consecutive edges directed inward is i + 1 (or i). See Fig. 3 . (C I ) For a 2-disk E on U 0 such that Γ ∩ E has no black vertices, replace Γ ∩ E with an arbitrary chart that has neither black vertices nor nodes. 
(C II
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3-Colorings of charts
Let Γ be an m-chart. We denote the set of connected components, which are called regions, Let Γ be an m-chart. We see that Col 3 (Γ ) is a linear space over Z 3 (cf. [2] ) and the dimension of Col 3 (Γ ) is at most m by Lemma 3.1. We define a map κ :
In [3] , it was showed that κ is independent of a choice of λ ∈ Σ(Γ ), and hence κ is well defined. By a direct calculation, we have the following lemma.
Lemma 3.2. A map κ is a linear map.
A polynomial is defined by
It is noted that this polynomial is an invariant of C -move equivalent classes of m-charts (cf. [3] ). If Γ is a 4-chart depicted in Fig. 1 , then K 3 (Γ ) = 9 (see Fig. 6 ). For every k ∈ Z 3 , we define a set by 
Then there is a black vertex in Γ . We can assume that the label of a bw-edge b is 1 by repeating deformations as in Fig. 7 if necessary, which are C -moves. Let E be the region with ∂ E ⊃ b. Let C 31 and C 32 be the 3-colorings with C 31 (E) = (0, 0, 1, 1) and C 32 (E) = (0, 0, 0, 1). By Lemma 3.1, C 31 and C 32 are uniquely determined.
Let A be the set of subcharts in U 0 depicted in Fig. 8 and their mirror images. Let B be the set of subcharts in U 0 depicted in Fig. 9 and their mirror images. By coloring conditions around each subgraph in A and B, we have the following lemma. 
Moreover, if there is a subchart G and G of Γ with G ∈ A and G ∈ B, then all 3-coloring of Γ is trivial.
Quandle cocycle invariants
Let F be a surface-link and Γ be an m-chart representing
∈ Z 3 , which is called Mochizuki's 3-cocycle of R 3 (cf. [10] ). Here, R 3 denotes the dihedral quandle of order 3. Let C be a 3-coloring of Γ . Define the Boltzmann weight at each white vertex W by
where C (λ) = (y 1 , . . . , y m ), λ is the region with the star around W as in Fig. 2 and (W ) is the sign of W . Put
We call Φ 3 (F ) a quandle cocycle invariant.
The following proposition is given in Section 6.
The following lemma is essentially showed in [11] .
Lemma 4.3. ([11])
For any 3-coloring C and k ∈ Z 3 , we have ( Fig. 7 , which are 
Lemma 5.2. Let (Γ, C ) be a 3-colored m-chart and (Γ , C ) a 3-colored m-chart obtained from (Γ, C ) by an R
Proof. An R 3 -trivial 1-handle surgery does not change colors of regions around each white vertices, and hence
For a chart Γ , we denote by c(Γ ) and bw(Γ ) the number of crossings and bw-edges, respectively. We call the triad (w(Γ ), c(Γ ), −bw(Γ )) the complexity of Γ . A chart Γ is called a minimal if its complexity is minimal among the charts obtained from Γ by C -moves with respect to the lexical order of triads of integers. For a 3-colored chart (Γ, C ), we also call the complexity of Γ the complexity of (Γ, C ). A 3-colored chart (Γ, C ) is called an R 3 -minimal if its complexity is minimal among the charts obtained from (Γ, C ) by 3-colored C -moves and R 3 -trivial 1-handle surgeries with respect to the lexical order of triads of integers. In particular, if (Γ, C ) is R 3 -minimal, then Γ is minimal. It is easy to see the following lemma. Then (Γ, C ) is not R 3 -minimal for any C ∈ Col 3 (Γ ).
Proof of Proposition 4.2
For the proof of Proposition 4.2, we show Lemmas 6.1-6.5.
Lemma 6.1. Let (Γ, C ) be an R 3 -minimal 3-colored m-chart. Then each white vertex is incident to exactly one middle bw-edge.
Proof. Let W be a white vertex incident to edges labeled by i and i + 1 for i = 1, . . . ,m − 2 and λ a region with * around W as in Fig. 2. Let y 1 , . . . , y m be in Z 3 with C (λ) = (y 1 , . . . , y m ) . If y i = y i+1 or y i+1 = y i+2 , then we can delete W by an R 3 -trivial 1-handle surgery and a 3-colored C -move, and hence (Γ, C ) is not R 3 -minimal. Thus, it is satisfied that
When W is positive, we depict the i-th, i + 1-st, i + 2-nd factors of colors of regions around W in Fig. 13 . Then we see that the exactly one of middle edges should be a bw-edge by the R 3 -minimality of (Γ, C ). By a similar argument, we also have this lemma in the case W is negative. Fig. 14. For k = 1, 2, 3, let y k,1 , . . . , y k,m be in Z 3 such that C (λ k ) = (y k,1 , . . . , y k,m ) . If the edges are not bw-edges, then for each j = i − 1, i + 1, there is k ∈ {1, 2, 3} such that y k, j = y k, j+1 .
Proof. If y 1,i = y 1,i+1 , then we insert a free edge labeled by i in λ 1 , which is an R 3 -trivial 1-handle surgery. By 3-colored C -moves, we can increase a bw-edge or decrease a crossing, and hence (Γ, C ) is not R 3 -minimal. Thus, we suppose that y 1,i = y 1,i+1 . Let y be an element in Z 3 such that y = y 1,i , y 1,i+1 . Then {y 2,i , y 3,i } = {y 1,i+1 , y}. Since {y 1,i , y 2,i , y 3,i } = Z 3 and y 1,i−1 = y 2,i−1 = y 3,i−1 , there is k ∈ {1, 2, 3} such that y k,i−1 = y k,i . By a similar argument, we also see that there is k ∈ {1, 2, 3} such that y k,i+1 = y k,i+2 . 2 Let G be a subgraph of a chart Γ . Let N 0 (G) be the subgraph of Γ consisting of vertices in G and all edges incident to them. We denote by N(G) the union of N 0 (G) and black vertices connected by bw-edges in N 0 (G). For each ww-edge e labeled by 2, if N(e) is depicted in Fig. 15 Proof. Let W and W be white vertices connected by e. Suppose that there is a bw-edge labeled by 2 incident to W . By Lemmas 5.4 and 6.1, if there is a bw-edge labeled by 2 incident to W , then e is of type (i). We also suppose that there is no bw-edge labeled by 2 incident to W . Let i 0 be the label of the edge that is incident to W and next to e. By Lemma 6.1, there is a bw-edge e 1 labeled by i 1 incident to W . Let e 1 , e 2 and e 3 be edges incident to W depicted in Fig. 16. By Fig. 16. e 1 , . . . , e 8 .   Fig. 17. N(e) in the case e 1 = e 2 .
Fig. 18. N 0 (Γ ∩ E).
Lemma 5.5 (A-I), e 1 is e 1 or e 2 . If e 1 is e 1 , then i 0 = i 1 by Lemma 6.1. Then e is of type (ii). If e 1 is e 2 , then the orientations of edges in N(e) should be depicted in Fig. 17 or the orientation reversed. In the case i 0 = i 1 , we see that e 3 should be a bw-edge by κ(C) = 0. We omit this case since (Γ, C ) is not R 3 -minimal. In the case i 0 = i 1 , e is of type (iii).
Suppose that there is no bw-edge labeled by 2 incident to W and W . By Lemma 6.1, there are bw-edges e 2 and e 3 labeled by i 2 and i 3 incident to W and W , respectively, for i 2 , i 3 ∈ {1, 3}. Let e 4 , . . . , e 8 be edges incident to W and W depicted in Fig. 16 . If both e 2 and e 3 are in same region, then we see that (Γ, C ) is not R 3 -minimal. Thus, it is sufficient to prove in the following conditions:
• e 2 = e 4 and e 3 = e 6 .
• e 2 = e 4 and e 3 = e 8 .
• e 2 = e 5 and e 3 = e 7 .
If i 2 = i 3 , then we see that (Γ, C ) is not R 3 -minimal. Thus, e is of type (iv), (v) or (vi). Proof. We can assume that bwr Proof. Suppose that (Γ, C ) is R 3 -minimal. Let e be a bw-edge labeled by 1, which is incident to a white vertex W in Γ . Let e 1 and e 2 be edges that are incident to W and next to e, and λ 1 , λ 2 and λ 3 be regions depicted in Fig. 21 . Since Γ is minimal, e 1 and e 2 are ww-edges. Let W 1 and W 2 be white vertices connected to W by e 1 and e 2 , respectively. By Lemma 6.3, e 1 and e 2 are of type (ii), (iv) or (vi). Let y 1 , . . . , y 4 be in Z 3 such that C (λ 1 ) = (y 1 , . . . , y 4 ) . Since e 1 is a ww-edge and (Γ, C ) is R 3 -minimal, y 2 = y 3 . Since Γ is minimal, e 1 and e 2 are parallel arcs. By Lemma 6.2, one of e 1 and e 2 is of type (vi) and the other is of type (ii) or (iv). Thus, it is sufficient to consider two graphs in Fig. 22 . Here, we omit graphs obtained from them by mirror images and reversing of all edge orientations since we can prove the cases by similar arguments. In the left case in Fig. 22 , the edge e 3 in Fig. 22 should be a ww-edge since Γ is minimal. Let W 3 be a white vertex connected to W 2 by e 3 . By Lemma 6.3, the edges incident to Fig. 24 . Here, we show that this move does not break other 3-gons. Let E 1 , E 2 , E 3 and E 4 be polygons of Γ 2 , E Fig. 25 . We see the following: • E 2 and E 1 2 are the same polygon.
• E 3 is not a 3-gon by Lemma 6.4.
• E 4 is not a 3-gon by Lemma 5.5 (A-III).
Thus, we see that the move does not break other 3-gons. Applying similar arguments for all bw-edges labeled by 1 or 3, we obtain R 3 -minimal 3-colored 4-chart (Γ , C ) such that each bw-edge labeled by 1 or 3 is in a 3-gon of Γ 2 . Thus, Γ 1 satisfies the condition (a).
Next, for any R 3 -minimal 3-colored 4-chart (Γ , C ) satisfying the condition (a), Γ should satisfy the condition (b). Let e be a bw-edge labeled by 2, which is incident to a white vertex W in Γ . Let e 1 be an edge that is incident to W and labeled by 2, and let E 1 and E 2 be the polygons of Γ 2 depicted in Fig. 26 . By Lemmas 6.1 and 6.3, e 1 is a ww-edge of type (i), (ii) or (iii). If e 1 is of type (ii), then E 2 is a 3-gon of Γ 2 by (a). Suppose that e 1 is of type (iii). Then there is a 3-gon E 3 of Γ 2 facing E 1 and E 2 such that C (λ ) = (y 1 , . . . , y 4 ) for λ ⊂ E 3 and y i = y i+1 for i = 1 or 3. See Fig. 27 . By Lemmas 5.5 (A-I) and 6.2, we see that the edge e 2 depicted in Fig. 27 is a black vertex. By (a), E 2 is a 3-gon of Γ 2 . Next, we suppose that e 1 is of type (i). If all ww-edges belonging to ∂ E 1 are of type (i), then there is a bw-edge incident to ∂ E 1 and in E 1 labeled by 1 or 3, and hence (Γ, C ) is not R 3 -minimal by Lemma 6.1. Thus, there is a ww-edge of type (ii) or (iii) that are connected to W by an arc consisting of ww-edges of type (i) in ∂ E 1 and including e 1 . By above arguments, we see that E 1 or E 2 should be a 3-gon of Γ 2 . By Lemma 6.4, there is a contradiction for the R 3 -minimality of (Γ, C ), and hence e 1 is not of type (i). We also see that Γ satisfies the condition (b).
Let E 4 be a 3-gon of Γ 2 . By Lemma 6.4, N(E 4 ) is depicted in the upper left of Fig. 9 or its mirror image. Then, E 4 is next to another 3-gon E 5 by (a). Thus, a connected component of Γ 2 including E 4 , E 5 is depicted in the upper left of Fig. 20 . By Lemma 6.1, the conditions (a) and (b), each bw-edge of Γ is incident to a 3-gon of Γ 2 . Thus, the proof is completed. 2 
